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Abstract
Motivated by the recent work of Brzemin´ski, Motyka, Sadzikowski and
Stebel in [1], where forward Drell–Yan production is studied in proton-proton
collisions at the LHC, we improve their calculation by introducing an unin-
tegrated gluon density obtained in [2] from a fit to combined HERA data at
small values of Bjorken x. This gluon density was calculated within the BFKL
formalism at next-to-leading order with collinear corrections. We show that it
generates a good description of the forward Drell–Yan cross section dependence
on the invariant mass of the lepton pair both for LHCb and ATLAS data.
1 Introduction
For many years forward Drell–Yan (DY) production at hadron colliders [3] has
been proposed as an interesting observable to prove the unintegrated gluon
density in the proton at very small values of Bjorken-x [4, 5]. In the recent
work of Brzemin´ski, Motyka, Sadzikowski and Stebel in [1] this observable has
been studied in the context of high energy resummations at small x. They
investigated this process in proton-proton scattering at the LHC with
√
s =
14 TeV. Their focus lied on the dipole formalism with saturation corrections,
using the Golec-Biernat–Wu¨sthoff model [6], or without them, making use of
the Balitsky–Fadin–Kuraev–Lipatov (BFKL) approach at leading order (LO).
Their investigations centered around the idea of what is the different twist
content in each approach (see also their previous related work in [7]).
In the present letter we shift the focus showing that it is possible to obtain a
good description of the latest DY data for small values of the lepton pair masses
when an unintegrated gluon density calculated within the next-to-leading order
(NLO) BFKL formalism with collinear corrections is used. This shows that it
is possible to obtain a correct description of HERA structure functions F2 and
1
ar
X
iv
:1
80
8.
09
51
1v
1 
 [h
ep
-p
h]
  2
8 A
ug
 20
18
h1
q
h2
q¯
γ∗
l+
l−
Figure 1: Drell–Yan dilepton production at leading order.
FL together with LHC DY data using a common approach based on the NLO
BFKL formalism. Our calculation is particularly relevant in the low DY pair
mass region, where we focus the discussion. The results here presented should
also be compared to those in [8–11].
To be more precise, we study the production of a lepton-antilepton pair,
L+L−, in proton-proton (pp) collisions as shown in Fig. 1 with notation
p(P1) + p(P2) → L+(l+) + L−(l−) + X (1)
where X indicates any inclusive secondary radiation. At leading order in the
electroweak coupling this process is mediated by a virtual photon γ∗(q) or a
Z0(q) boson, where the vector boson momentum q = l+ + l− carries a qT
transverse component. M2 ≡ q2 > 0 corresponds to the lepton pair invariant
mass squared. The angular distributions of the lepton pair can be expressed in
terms of four independent structure functions,W[λ]. The DY standard formula-
tion [12] allows for a factorization between the lepton pair angular phase space
dϑ∗ dϕ∗ ≡ dΩ∗l , where ϑ∗ and ϕ∗ are the polar and azimuthal angles of the
lepton momentum vector in the dilepton center-of-mass frame, and the struc-
ture functions, defined as projections of the DY amplitudes on the exchanged
boson.
In the present work we neglect the Z0 contribution which is only relevant
at higher M2 (we will also show the experimental data points at the highest
values of M2 just to gauge the importance of the missing diagrams). The DY
differential cross section hence reads
dσ
dM dΩ∗l dxF dqT
=
α2 qT
(2piM)3
[(
1− cos2 ϑ∗)WL + (1 + cos2 ϑ∗)WT (2)
+ (sin 2ϑ∗ cosϕ∗)W∆ +
(
sin2 ϑ∗ cos 2ϕ∗
)W∆∆] ,
where xF stands for the Feynman variable representing the longitudinal mo-
mentum fraction from the initial-state hadron carried by the virtual photon, α
is the electromagnetic coupling constant, WL and WT are structure functions
for longitudinally and transversely polarized virtual photons, respectively, W∆
is the single-spin-flip structure function, and W∆∆ is the double-spin-flip one.
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Figure 2: Compton scattering diagrams for DY dilepton forward production.
The frame orientation is not unique and determines the form of the structure
functions. In this work the choice of the Gottfried–Jackson frame [13], with the
Z axis anti-parallel to the target’s momentum and the Y axis orthogonal to the
reaction plane, is employed.
In the high energy factorization approach, it is possible to write the structure
functions as the convolution
W[λ]=
2pi
3
αs(µR)M
2
∫ 1
xF
dz
z2
f∗
(xF
z
, µF
)∫ dκTdφκT(
κ2T
)2 G(xg, κ2T ) Φ[λ](qT , ~κT , z). (3)
z is the longitudinal momentum fraction of the initial-state quark carried by the
virtual photon, κT ≡ | ~κT | and qT ≡ | ~qT |. We use a collinear parton distribution
function, f∗ (x, µF ) =
∑
r fr (x, µF ) which accounts for the incident u, d, s, c
and b quarks and corresponding antiquarks with a high-x value (orange lines
in Fig. 2).
We also have an unintegrated, transverse momentum dependent, gluon dis-
tribution function, G(xg, κ2T ), carrying all the information about the small-x
gluon evolution (blue lines in Fig. 2), and the forward DY impact factors,
Φ[λ](qT , ~κT , z), accounting for the γ
∗ → L+L− transition. The gluon longi-
tudinal momentum fraction xg follows from the forward DY kinematics in the
qg∗ → qγ∗ channel, i.e. (with s = (P1 + P2)2 being the center-of-mass energy
squared)
xg =
M2(1− z) + q2T + z(κ2T − 2~κT · ~qT )
s xF (1− z) ≈
M2(1− z) + q2T
s xF (1− z) . (4)
After this brief Introduction regarding the process of interest and our cal-
culational set up, we now give some details related to the unintegrated gluon
density used in our calculations and the structure of the forward impact factors.
We then present our results and Conclusions.
2 Unintegrated gluon distribution and for-
ward impact factors
The standard definition of the small-x transverse momentum dependent gluon
distribution, better known as unintegrated gluon distribution, relies on the con-
volution between the universal BFKL gluon Green’s function, which takes into
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account the resummation of high-energy logarithms, and the proton impact
factor, which describes the coupling of the gluon Green’s function to the pro-
ton. This proton impact factor is characterized by large transverse scales and
therefore, being of non-perturbative nature, needs to be modeled.
We use the three-parameter model for the coupling of the gluon Green’s
function and the proton put forward in the study of deep inelastic scattering
structure functions in [2]. More recently, it has been used to investigate single-
bottom quark production at the LHC [14], J/Ψ and Υ photoprotoduction [15]
and ρ-meson leptoproduction at HERA [16]. In transverse momentum space,
it simply reads
Φp(q,Q
2
0) =
C
2piΓ(δ)
(
q2
Q20
)δ
e
− q2
Q20 (5)
having a maximum at p2 = δQ20. The values of the parameters Q0 = 0.28 GeV,
δ = 8.4 and C = 1.50, were obtained from a fit to combined HERA data [2]
when the leading order photon impact factor was used. Since we are also using
a leading order calculation for the vertex producing the DY pair, it is consistent
to use the same set of parameters in our current analysis.
Combining Eq. (5) with the gluon Green’s function, we obtain the following
expression for the unintegrated gluon density:
G(x, κ2, µH) =
∫ ∞
−∞
dν
2pi2
C Γ(δ − iν −
1
2)
Γ(δ)
(
1
x
)χ( 12+iν)( κ2
Q20
) 1
2
+iν
(6)
×
{
1 +
α¯2sβ0χ0
(
1
2 + iν
)
8Nc
log
(
1
x
)[
−ψ
(
δ − 1
2
− iν
)
− log κ
2
µ2H
]}
,
with β0 =
11Nc−2Nf
3 the first coefficient of the QCD β-function, Nf = 5, α¯s ≡
Nc/piαs
(
µ2
)
, and µ2 = µHQ0. χ0(γ) = 2ψ(1)−ψ(γ)−ψ(1−γ), with γ ≡ 12 +iν,
is the LO eigenvalue of the BFKL kernel and ψ(z) = Γ′(z)/Γ(z). µH is a
characteristic hard scale which can be set equal to the photon invariant mass,
M . Finally, χ(γ) is the NLO eigenvalue of the BFKL kernel,
χ(γ) = α¯sχ0(γ) + α¯
2
sχ1(γ)−
1
2
α¯2sχ
′
0(γ)χ0(γ) + χRG(α¯s, γ) , (7)
with χ1(γ) and χRG(α¯s, γ) (which includes the collinear corrections resummed
in the form of a Bessel function as calculated in [17]) given in Section 2 of
Ref. [14], to which we refer for further details (also on the particular treatment
of the running of the coupling).
For completeness, we now briefly write down the expressions for the for-
ward dilepton impact factors used in our work. In κT -representation they can
be computed combining Eq. (3.5) with Eqs. (3.12) and (3.13) of Ref [7], and
applying the relations given in Eqs. (3.24)-(3.27) of the same Reference, i.e.
ΦL(qT , ~κT , z) =
2M2(1− z)2z2 ((z~κT − 2 ~qT ) · ~κT )2
[M2(1− z) + q2T ]2 [M2(1− z) + (~qT − z~κT )2]2
, (8)
ΦT (qT , ~κT , z) =
1 + (1− z)2
2
[
(qT − zκx)2 − z2κ2y
[M2(1− z) + (~qT − z~κT )2]2 (9)
4
+
q2T
[M2(1− z) + q2T ]2
+
2 qT (zκx − qT )
[M2(1− z) + q2T ] [M2(1− z) + (~qT − z~κT )2]
]
,
Φ∆(qT , ~κT , z) =
(
qT (z~κT − 2~qT ) · ~κT + κx(M2(1− z) + q2T )
)
(10)
× M (2− z) (1− z) z
2 (z ~κT − 2 ~qT ) · ~κT
[M2(1− z) + q2T ]2 [M2(1− z) + (~qT − z~κT )2]2
,
Φ∆∆(qT , ~κT , z) = (z − 1)
[
(qT − zκx)2 − z2κ2y
[M2(1− z) + (~qT − z~κT )2]2 (11)
+
q2T
[M2(1− z) + q2T ]2
+
2 qT (zκx − qT )
[M2(1− z) + q2T ] [M2(1− z) + (~qT − z~κT )2]
]
,
where κx ≡ κT cosφκT , κy ≡ κT sinφκT and ~qT · ~κT ≡ qTκT cosφκT .
Before moving forward to presenting our results together with the LHC
data, let us indicate that, for comparison, we will present and compare our
results with a LO BFKL model defined within the color dipole approach [18–21],
which has also been used in the work of Motyka et al in [1]. Analogously to
the formula given in Eq. (3), it is possible to write expressions for the helicity
structure functions as the convolution
W[λ] =
∫ 1
xF
dz f∗
(xF
z
, µF
) 12+i∞∫
1
2
−i∞
dγ
2pii
σˆ(γ)
[
z2Qˆ20
M2(1− z)
]γ
Φˆ[λ](qT , γ, z) , (12)
where f∗
(
xF
z , µF
)
is the collinear quark parton distribution functions defined
right below Eq. (3), σˆ(γ) is the dipole proton cross section calculated in Mellin
space, Qˆ0 is the scale transform parameter and Φˆ[λ](qT , γ, z) are the Mellin-
transformed impact factors, originally calculated in Ref. [7] (see Eqs. (3.32)-
(3.35) of the same Reference for their analytic expressions). As a LO BFKL
model for the dipole cross section we follow [1] and use
σˆ(γ) ≡ σˆLL(γ) = −σˆ0 Γ(−γ) eα¯sχ0(γ)y , (13)
where y = log
(
xA
xg
)
with xA = 0.1 and xg =
M2(1−z)+q2T
s xF (1−z) is the evolution
length in rapidity. The relevant parameters are fixed by a fit to the deep
inelastic scattering data [22]: Qˆ0 = 0.51 GeV, σˆ0 = 17.04 mb, α¯s = 0.087,
while running-coupling effects are neglected.
We now present the results of our calculations.
3 Results and comparison to data
We are interested in the study of the dependence on the dilepton invariant mass
M of the forward Drell–Yan cross section (Eq. (2)):
dσ(M)
dM
=
∫
dΩ∗l
∫
dxF
∫
dqT
dσ
dM dΩ∗l dxF dqT
. (14)
We will also provide predictions for the total cross section averaged on bins
in the M variable. In order to match the kinematical cuts on the dilepton
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phase space used by the LHCb collaboration [23] it is needed to perform a
Lorentz boost from the dilepton frame to the collision center-of-mass frame.
The corresponding boost parameters are
γB =
xF
√
s
2M
β+ , ~vB = −
(
~qT
γBM
,
β−
β+
)
x,y,z
(15)
with β± = 1± M2+q2T
s x2F
. We can now give expressions for the lepton momenta in
the collision frame:
l± ≡ |~l±| = E± = γBM
2
(
1∓ ~vB · ~uΩ∗l
)
, (16)
lz,± =
M
2
[
± cos θ∗ + γB β
−
β+
(
1∓ ~vB · ~uΩ
∗
l
1 + γ−1B
)]
, (17)
where ~uΩ∗l is a unit vector pointing in the Ω
∗
l direction. The scalar product
~vB · ~uΩ∗l can be written in the form
~vB · ~uΩ∗l = −
β−
β+
cosϑ∗ − qT
γBM
sinϑ∗ cosϕ∗ . (18)
Considering the relation between the lepton transverse momentum l±T and ra-
pidity η± with the remaining relevant variables,
l±T ≡ |~l±T | =
(
l±
)2 − (lz,±)2 , η± = arctanh lz,±
l±
, (19)
we have all the necessary ingredients needed to impose the kinematical cuts set
by the LHCb collaboration [23], i.e.
2 < η± < 4.5 , l± > 10 GeV ,
{
l±T > 3 GeV if M ≤ 40 GeV
l±T > 15 GeV if M > 40 GeV
(20)
with the dilepton invariant mass in the range 5.5 GeV < M < 120 GeV. For
comparison, we give predictions also in the ATLAS kinematics [24, 25], which,
however, are constrained to more central rapidity ranges than the LHCb ex-
periment. In the ATLAS configuration, we have
|η±| < 2.4 , l±T > 6 GeV , l+T > 9 GeV or l−T > 9 GeV , (21)
with the dilepton invariant mass in the range 12 GeV < M < 66 GeV. We
expect our formalism to be more accurate when describing the LHCb data
than the ATLAS data since it corresponds to a more forward kinematics.
We have used Fortran for our numerical analysis, in particular the Vegas
integrator [26] as implemented in the Cuba library [27,28] and specific Cernlib
routines [29]. A two-loop running coupling with αs (MZ) = 0.11707 and five
active quark flavors was also chosen. The NLO Mmht 2014 sets [30] were used,
as provided by the Lhapdf Interface 6.2.1 [31], to calculate the collinear quark
parton distribution functions. In the calculation of the unintegrated gluon
density, the uncertainty stemming from the numerical multidimensional inte-
gration when combining Eqs. (2) and (14) with Eq. (3) or Eq. (12) was steadily
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held below 0.5%. The error bands of all the presented results were calculated
by varying the factorization scale1 in the range M/4 ≤ µF ≤ 4M , while the
renormalization scale µR was fixed to M .
We present our results in Fig. 3 where we show how, in the lower plot, the
outcome of our calculations is very close to the LHCb data points in the full
range of M values. In the same plot we also draw the line corresponding to
the calculation in the dipole model approach with LO BFKL evolution and
fixed running coupling, which lies well above the experiment results. For the
sake of showing the universality of the model here presented, in the upper plot
within the same figure, we reproduce the description given in [2] for the Q2
dependence of the energy growth of the F2 HERA structure function of the
proton at small values of Bjorken x when expressed in the form F2 ' x−λ(Q2).
Since, for simplicity, we do not include Z-boson production diagrams we lie
slightly below the data for larger values of the DY invariant mass M .
The equivalent comparison to ATLAS data is presented in Fig. 4, which, as
we have already mentioned, does not allow for a very forward production of the
DY pair. Nevertheless, we obtain a good description of the data, even though
the uncertainty band associated to changes in the factorization scale is rather
large. Lower values of this scale seem to be preferred by the data as extracted
from both experiments.
Before presenting our Conclusions let us show the comparison of the LHCb
data with the cross section averaged on dilepton invariant mass bins. These
provides a somehow more fair matching with the experimental presentation of
the results. This can be seen in Fig. 5.
4 Conclusions & Outlook
Building up on previous work on forward production of Drell–Yan pairs at the
LHC in [1], we propose to use the BFKL formalism at next-to-leading order
with collinear corrections to describe the LHCb and ATLAS data. We make use
of the idea of high energy factorization and show that the same unintegrated
gluon density as obtained from a fit of HERA data at small values of Bjorken x
provides a good description of the LHC data. This is an encouraging result from
the point of view of the BFKL approach since this type of global description
of different processes is expected from this framework. Nevertheless, the same
data can be also described by a fixed order calculation and this observable
needs to be pushed experimentally further to really test different theoretical
calculations. This also includes the description of the data in [1] which makes
use of saturation corrections. Future LHC data for Drell–Yan production in
forward directions [33] will be very useful to gauge the need of high energy
resummations in quantum field theory.
1In Ref. [1] the factorization scale was set equal to the transverse mass of the exchanged boson,
µF = MT ≡
√
M2 + q2T . We checked that the effect of using this choice with respect to ours is
negligible.
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a) Fit of the effective intercept λ in F2 ' x−λ(Q2) for small x HERA data.
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b) M dependence of the Drell–Yan differential cross section.
Figure 3: Comparing experimental data with higher-order BFKL predictions for two
different colliders. First (top panel, plot from Ref. [2]), the fit of the effective intercept
λ of F2 to HERA data [32]. Solid and dashed lines refer to the LO photon impact
factor and a kinematically improved one, respectively. Then (bottom panel), the
Drell–Yan differential cross section is given as a function of the dilepton invariant
mass M . The NLO BFKL prediction with collinear corrections is compared with a
LO dipole model and with LHCb data [23]. Uncertainty bands account for changes
in the factorization scale in the range M/4 ≤ µF ≤ 4M .
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Figure 4: Matching ATLAS data [24, 25] with higher-order BFKL predictions. Un-
certainty bands are given as the effect of allowing the factorization scale to be in the
range M/4 ≤ µF ≤ 4M .
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Figure 5: Differential Drell–Yan cross section averaged over bins of the dilepton in-
variant mass M . The NLO BFKL with collinear corrections prediction is compared
with a LO dipole model calculation and with LHCb data [23]. Uncertainty bands
account for changes in the factorization scale in the range M/4 ≤ µF ≤ 4M . Dashed
lines show the M dependence with µF = M .
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